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Abstract&Turbulent convective heat transfer with appreciable buoyancy effect over a heated or cooled 
horizontal flat plate is numerically analyzed by solving four equations for mean square temperature variance 
@, its rate of destruction so, turbulent kinetic energy k and the rate of kinetic energy dissipation E. Turbulent 

time-scale ratio R of temperature fluctuations relative to velocity fluctuations defined by (p/+)/(2k/&) is found 
to vary widely across the boundary layer. For both highly stable and highly unstable conditions, the ‘four- 
equation’model yields better results for mean temperature profile and surface heat flux than the two-equation 
model. It is also found that the magnitude of thermal von Karman constant KBis not a universal constant but it 

depends on the thermal stratification of the boundary layer. 

INTRODUCTION 

A FEW YEARS ago, Launder and Samaraweera [l] 
applied the second-order turbulence closure model to 
analyze a flat-plate turbulent boundary layer with a 
step change in wall heat flux. They have calculated the 
Reynolds stresses z, 7,2, Uv, the turbulent heat fluxes 
aand g, and the rate of kinetic energy dissipation E, in 
addition to mean field variables, such as velocity and 
temperature. However, such an application of the 
second-order closure model yielded rather poor 
prediction of the mean temperature profiles, par- 
ticularly in the log-law layer, compared to the mixing 
length model of Browne and Antonia [2]. Discussions 
about this matter are given in [3] and [4]. 

Launder and Samaraweera [l] assumed in their 
formulation of the model equations that the buoyancy 
effect is negligible and that the thermal time scale 
(tg = F/E,) is proportional to the mechanical time 
scale (r = k/E) which is assumed to be entirely 
unaffected by the thermal field. They then attributed 
their prediction inaccuracy to the absence of the 
characteristic thermal time scale which should be 

influential on the heat flux process. 
When the velocity of the fluid flow is relatively slow 

or when the vertical heat flux through the wall is 
comparatively high, turbulence production by 
buoyancy fluctuation is significant and the diffusive 

- 
transports of the stress/flux quantities uiuj and ~7 
depend on the buoyancy, as have been shown 
theoretically in [S]. The same argument may be 
extended locally to forced convective heat transfer over 
a flat plate. In this case, gradient of the mean 
temperature is large in the region near the wall and the 
buoyancy fluctuations must belocally very active there, 
which, in turn, may contribute significantly to the third 
order diffusive transport of the second order 
correlations. 

One of the buoyancy effects on the thermal field may 
be represented by the empirical ‘constant’ tie which 

measures the inverse of the slope of the log-law mean 
temperature profile. In an experiment by Subramanian 
and Antonia [6], where Rm = 3100 and Ri = -3.0 
x 10m4, the value ofKO was shown to be about 0.46. But 

for a strongly heated boundary layer under the same 
valueofRias that of[6], ~~isabout 0.8 [7].Notethat in 
this case the Reynolds number is very small, Rm = 293. 
Arya’s [8] experiments on the buoyancy effects in a 
horizontal flat plate boundary layer show that the value 
of K~ varies between 0.41 and 0.77 with the lower value 
for more stable condition. Petukhov et al. [9] showed 
that mean temperature and mean velocity profiles, 
coefficients of friction and heat transfer, turbulent 
intensity, Reynolds shear stress and heat flux are shown 
to be strongly dependent on thermal stratification. 

Gibson and Launder [lo, 111 have formulated an 
extended k--E model, the so called algebraic stress/flux 
models, which include appropriate buoyancy terms in 
the models for iii?, 2 and tT which are functions of 
aIllay, ST/ay, k and E. Gibson and Launder [lo] 
proposed to include transport equations for 8’ and E@ 
but, due to inadequate information about the model 
equation for se, they approximated p in their actual 
computations by assuming a constant time scale ratio, 
R = 0.8 (the same method was adopted in Rodi [12] 
and Ljuboja and Rodi [13]). Lin and Lin [14] and 
Warhaft and Lumley [ 151 observed experimentally 
that the value of R varies between 0.4 and 1.5 even in a 
grid-generated homogeneous scalar field. Re- 
evaluation of data in various kinds of non-isothermal 
shear flows compiled in [16] shows that R varies 
between 0.35 and 0.6 with its mean of about 0.5. 

In this paper, an attempt is made to clarify problems 
inherent in the k--E model mentioned above; namely, 
the inability to supply a necessary turbulent thermal 
time scale and the weakness in taking full account of the 
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NOMENCLATURE 

dissipation model constant 
wall damping function, equation (28) 
rate of buoyancy production of 
turbulent kinetic energy = -figa 
gravitational acceleration 
turbulent kinetic energy = 
; (Z+ L’2 + NT) 

mixing length 
rate of shear production of turbulent 
kinetic energy = - Uv sU/ay 

thermometric wall heat flux 
ratio of time scales = r,/2~ 
Reynolds number = U ,6/v 
flux Richardson number = -G/P 
gradient Richardson number = 

-fig(a7aj9i(aU/W 
or bulk Richardson number = 

-cISAT/T&‘~,. 
momentum thickness Reynolds 
number = U,6,/v 
mean temperature 
friction temperature = Q,Ju* 
potential temperature difference 

across the boundary layer 
mean velocity components 
friction velocity = & 
r.m.s. velocity fluctuations in x-, y-. z- 
directions 

x, y, 2 

Y+ 

coordinates 
dimensionless wall distance = UJ/V. 

Greek symbols 
a fluid thermal diffusivity 

at turbulent eddy diffusivity 

B volumetric expansion coefficient 
6 boundary layer thickness 

6, momentum thickness 

& rate of dissipation of turbulent 
kinetic energy 

se rate of destruction of O2 

Ii von Karman constant 
1’ kinematic molecular viscosity 

“1 eddy viscosity = - iii$>U/Sy) 

P fluid density 
p mean square temperature variance 
7 mechanical time scale = k/a 

7ll thermal time scale = F//B” 

01 turbulent Prandtl number. 

Subscripts 
C value at the matching point 

0 non-buoyant or reference 

t turbulent 
W wall 
c/_r ambient. 

buoyancy effects by the simple gradient models for 
third-order transport terms. 

The objective of the present paper is to resolve these 
problems by a four-equation model which includes 
transport equations for @and Ed in addition to k and E. 
The proposed set of equations is then applied to the 
simulation of a few experiments on the convective heat 
transfer over horizontal flat plates with varying degrees 
of buoyancy. For comparison, the k--E equations with 
algebraic stress/flux models are also applied to the 

simulation. 

FOUR-EQUATION MODEL 

Governing equations for the mean velocity and the 
temperature for a two-dimensional thin boundary 
layer flow over a horizontal flat plate under the 
Boussinesq approximation are as follows : 

aw + aw) o 
~ -= 

ax ay 

pu~+pv~=~(Pg+) (2) 

pUg+pVg=$(pa$-pdJ) (3) 

P = P(T). (4) 

Since the mean pressure does not change in the flow 
field, the air density is a function of the mean 
temperature only. Hence, the interpolation formula for 
the density given by Holman [17] is useful for our 
purpose. Model equations for Reynolds stresses uiuj 
and turbulent heat flux UT have been well documented 
at the truncated second-order closure level in for 
example, [lo] and they are as follows : 

L-E I-C,+$C,C;f k v7au -__= 
k c, +$C;f & k ay 
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v7 2 
c,-1+ ~(c,-2c*c;f)+~(3-c~-2c,+2c,c;() 

_=_ 
k 3 PtG , 

(6) 
c, +2C;f+ 7 - 
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us 
~(3-2C,+C,C,I)+~(C,-3+2C*-C,C;R 

I -= 
P+G 

(7) 
k et- 

1 k aT I-C,, k dU -u~=--~--_ ~- iTi3 - 
cd ay cte E a~ (8) 

1 k,aT 

-i27= C,@+c& ay - 

where, Cs are model constants whose values are 
adopted from [13] as shown in Table 1, and functionf 
is a wall function which will be explained later. Mode1 
equations (5), (8) and (9) are obtained under the 
assumption of local equilibrium state such that 
convective transport of a retated second-order quantity 
is perfectly balanced by the diffusive transport and thus 
the production (or source) term becomes equal to the 
dissipation (or sink) term. Equations (6) and (7) were, 
however, derived more generally for non-equilibrium 
condition in order to keep certain consistency between 
the magnitudes of zand k; the latter value is obtained 
by solving its non-equilibrium transport equation 

for horizontally homogeneous buoyant convection has 
been successfully used by Zeman and Lumley [20]. 

Newman et al. [Zl] have carefully examined 
available experimental data on evolution process of @ 
in homogeneous flows, with and without mean 
temperature gradients, and have formulated an 
approximate transport equation which contains two 
sink terms, one of which responds to the time scale of the 
velocity field while the other reflects that of the scalar 
field itself. In addition, a production term due to the 
heat flux anisotropy and the temperature gradient is 
included in the model equation for flows with a mean 
scalar gradient. 

Following the same line of thought, it is thought that, 
when the mean shear is present in the flow field, a 
‘production’ term due to increase of turbulent kinetic 
energy by the mean shear and the buoyancy must also 
appear in the equation. Thus, our model equation for ee 
is given by the following form : 

-2.0s - 1.96$;8 g +C&‘+G);. 

(sink at T) (sink at ze) ~pr~uction’ of&* (‘production’ of ag 
due to vfi a Tidy) due to P+G) 

(Ljuboja and Rodi [13]). Now, our system ofequations 
from (1) to (9) is supplemented by the following 
transport equations for k, E and @ as follows [ 121: 

For completeness, a transport equation for the rate 
ofscalar dissipation E@ is also needed. Its exact transport 
equation has been discussed by Launder [l S]. A 
tentative model equation for non-isothermal shear 
flows has been formulated using the tensor invariant 
modeling by Lumley [I91 and its simplified equation 

Table 1. Constants in the turbulence model 

C, = 1.8 C’, = 0.6 C, = 0.6 c, = 0.3 
C, = 0.6 c,, = 3.0 c,, = 0.5 c,, = 0.5 

c;, = 0.5 0, = 1.0 a, = 1.3 c,, = I.44 
C,, = 1.92 c,, = 0.8 C, = 3.72 R = 0.8 

(13) 

The first three constants in the equation (13) are 
taken from Newmanet al. [21] and the last constant Cb 
has been selected as Cb = 0.8 in order to exhibit the state 
of equilibrium. 

Recently, Pope [22] showed that, for homogeneous 
flows without mean gradient, consistency condition 
does not admit the third term in the right-hand side of 
equation (13). Instead, he showed that a term like 

Q2e2jk2 should be included. Adoption of Pope’s model 
equation together with ‘production’ terms in equation 
(13) requires knowledge of values of three more model 
constants, which is presently difficult to obtain. 
Therefore, tentatively, the equation (13) is adopted in 
the present computation. 

Now, some discussions about the third order 
transport terms (6, ET, Bland ~3) are in order. If we 
define the eddy viscosity vt in the conventional manner, 
it can be easily derived from equations (5)-(9) as a 

I 
function of k, E, fand the buoyancy & $ [ 131. Then, 

the simple gradient transport models for Gand ET are 
written in terms of v, as follows [ 1 l] : 
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where~~and~~aremodelconstantsoforderone.Sofar, 
the buoyancy effects have been incorporate in our 
model equations through the pressure strain corre- 
lation models and through the explicit buoyancy 
production terms. According to Zeman [23], the 
buoyancy contributions to the third-order transports 
are significant in non-isothermal turbulent flows. 
However, since the models Q, (7), (9) have been derived 
by dropping the third-order transport terms, such 
contributions have been largely neglected in the models 
(14) and (1.5). 

Detailed form of v, [13] shows that it does not 
explicitly contain mean shear. Rather, it is seen to be 
strongly dependent on the buoyancy. Assuming that 
the third-order transports of p and Ed are even less 
dependent on the mean shear than k and E, Zeman and 
Lumley’s [20] buoyancy transport models for the 
mixed layer caused by buoyancy may be applied to our 
problem as follows : 

(16) 

(17) 

where 

K, = s,(v~+ 0.6 /Jgv&,) 

and 

3.5 2 -’ 
z, = ( > -+t, T 

(19) 

where Ic, is an eddy coefficient for the third-order 
transport of fl and z, is a composite time scale. 

The above four-equation model can be shown to be 
simplified to the two-equation model with the 
application of the appropriate model [lo]. 

PI 

where the time scale ratio is held constant at R = 0.8 as 
in [lo] and [12]. 

BOUNDARY CONDITIONS AND 

NUMERICAL METHOD 

The turbulence model equations introduced above 
are formulated under the assumption of high turbulent 
Reynolds numbers and thus are not valid for the viscous 
subfayer very close to the wall. The usual practice to 
overcome this problem is to introduce a wall-layer 
matching procedure in which the mean velocity and the 
mean temperature profiles are first calculated up to a 
certain point y,+, not far from the wall, by an 
appropriate mixing-length model and then the high 
Reynolds number turbulence models are applied from 

the pointy,’ as a lower boundary to the free boundary. 
The matching point y: is usually selected in the region 
30 < y + < 50, where the turbulence is assumed to be in 
an equilibrium state, i.e. production and dissipation of 
turbulent kinetic energy are approximately in balance. 
In addition, this region is characterized as a constant 
stress layer where -iE = u: and the mean velocity 
profile starts to follow the logarithmic law of the wail. 

The mixing-length model used in the wall region 
0 < y+ G y: is that of Panofsky [24] for unstable 
condition (Ri < 0), 

1 = &)(I - 14Ri)-“4 (21) 

or that of Monin-Oboukhov relation for stable 
condition (Ri > 0), 

1= 1,(1-7Ri) (22) 

where lo is the mixing length given by van Driest [25]. 
The mean temperature profile in the wall region is 
calculated by introducing the following Munk- 
Anderson formula [IZ] which takes into account the 
buoyancy effect by Ri : 

CT, = q,( 1 + 3.33 Ri)=‘/( 1 + 10 Rif’.’ (23) 

where cto is the non-buoyant turbulent Pratdtl number 
which is considered variable dependent on the eddy 
viscosity [25]. 

In order to match the mean velocity profiles 
smoothly at the matching point, the eddy viscosity V, is 
selected as a matching parameter, i.e. vtbe,o_ = Yang__ at 
y:. This requirement yields the following lower 
boundary values for k, and E, : 

where x is the von Karman constant and 3, is a 
dissipation model constant, B, = 0.4. The value of(C,), 
is determined by a relation 

where - Gis formulated in (5). Note that (C,), depends 
on the wall-damping function f and buoyancy. Since it 
is known that uC x 1 in turbulent boundary layer, the 
momentum thickness is assumed to be the same as the 
thermal boundary-layer thickness in the flat plate 
boundary layer flow. With this assumption, the local 
equiiibrium matching point of the thermal iieid is aiso 
taken to be y,’ . The boundary conditions of O?and E*, 
are 

(25) 

where olC is the turbulent Prandtl number computed 
from (23) at _v,‘. 

The wall function in (5)-(9) which was first 
introduced by Daly and Harlow [26] to take into 
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account wall proximity effect by pressure fluctuations 

on the transfer of kinetic energy between components 

has been used in various forms [lo, 13, 26, 271. The 
lower boundary values k, and E, estimated from the 
region above the matching pointy: are easily seen to be 

k, = cc+-Rf). (26) 
c 

These values are found to be within f3% difference 
compared to the values by (24) which are estimated 
from the wall region. According to Daly and Harlow 
l-261, f is assumed to be proportional to l/y and 
1 - k312/e. Thus, we have, 

f = ak3’2/.z. (27) 

Since the function f has to be unity at the matching 
pointy: [ 10,131, substitution of(26) into the functionf 
gives the proportionality constant, a = ~‘(1 -R,)l14. 
Thus, 

,$= 

f=- 
c 

w 

yE (I- RfP4. P-9 

This wall function differs from Ljuboja and Rodi [ 131 
by the buoyancy correction factor (1 - Rf)lj4. 

For numerical computations, Patankar-Spalding’s 
marching forward scheme [25] has been used. 
Computations were started at the leading edge with 
finitely thin 6 whose velocity profile is that of one- 
seventh power law. Initial profiles of turbulent 
variables were assumed to be same as those in fully 
developed boundary layer of appropriate magnitudes. 
It was found that the computed profiles far downstream 
are not dependent on the estimated initial profiles. 

COMPUTATIONAL RESULTS 

AND DISCUSSIONS 

In order to test the universal validity of our 
computational models, development of a turbulent 
boundary layer over a heated or cooled flat plate 
maintained at a constant plate temperature or at a 
constant heat flux was simulated and compared with 
available experimental data reported by different 
authors. The experiments of Subramanian and Antonia 
(henceforth designated by SA) [6] were carried out to 
investigate the effect of Reynolds number on a turbulent 
boundary layer over a slightly heated flat plate with a 
uniform heat flux, hence their conditions are closest to 
those of neutral stability among the experiments tested 
in the present study. Cheng and Ng’s experiment [7] 
was performed at the same Ri as SA but at much lower 
Rm with a constant wall temperature condition. Arya’s 
data [S] were taken under both stable and unstable 
conditions of the flat plate maintained at a constant 
temperature in a long wind tunnel. For the case of Perry 
and Hoffmann’s [28] constant wall-temperature 
experiments, the mean temperature profile was not 
reported and thus only data of temperature 
fluctuations can be used to compare with results of the 

2 Eqn.model 

- 4 Eqn.model 

SUBRRMRNIRN b RNTONIA; 

Rm-1568 b Rt--1.2~18 

CHENG t. NG; 

Rm-293 h Ri--3.ExlE+ 

RRYR; Ro-J.BxlB’h RI-E.BI 

RRYA; Re-2.Bx10’b Rt--0.85 

1 

40 100 
Y 

+ 408 1000 

FIG. 1. Mean velocity profiles in flat plate boundary layer. 
- - -,-- Calculations; 0, 0, A, A, experiments. 

present study. Data of the mean velocity and the mean 
temperature reported in the above four studies show 
well-defined mean field profiles and no experimental 

uncertainties were given in these papers. However, 
experimental uncertainties on the turbulent corre- 
lations riE and a and the turbulent kinetic energy k 
were; + 7% in SA, f 12% in Cheng and Ng and + l(r 
15% in Arya. 

We first present the mean field profiles in the 

turbulent boundary layer. Figure 1 shows comparison 
of mean velocity profiles by experiments with those by 
computation using both models. The solid line 
indicates the computed profiles by the four-equation 
model and the dotted lines show results by the two- 
equation model. For the case of SA, the two 
computational methods yield complete agreement with 
experimental data. Both models yield correct variation 
ofthe logarithmic slope showing the dependency on the 
thermal stability. 

The mean temperature profiles are compared in Fig. 
2. The slope of the profiles is very sensitive to the 
stability. For the stable case (A), K@ takes a value of 
about 0.45, but for the unstable case (A), K@ x 0.70. The 
two-equation model underpredicts the mean tempera- 
tures for the stable condition and overpredicts them for 
the unstable conditions. However, the four-equation 
model properly predicts the variation of the mean 
temperature profiles depending on the stability 
conditions. 

Shown in Fig. 3 are the turbulent Reynolds shear 

stress profiles. Since the buoyancy effect is not 
dominant in SA, the two models yield almost identical 
results. It can be seen that the wall cooling causes a 
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FIG. 2. Mean temperature profiles in flat plate boundary layer. 
Symbols representing data are the same as in Fig. 1. 

reduction of -E/U’, and the wall heating an increase, 
in agreement with experimental observations [S]. Note 
that -ptE/p,ui has lower value than that of unheated 
boundary layer due to the fact that -pE/p& < 1 
and pm/p, > 1 in the unstable boundary layer as can 
be seen in [7] ; therefore, Cheng and Ng’s assertion that 
the wall heating causes reduction in Reynolds stress 
--pt% is also verified. 

The vertical heat flux profiles are shown in Fig. 4. As 
can be seen in the figure, predicted values by both 
models are higher than the experimental values in the 
whole region; but, the shape of the profile of the 
turbulent heat flux is in general agreement between the 
predicted and the measured values. Also shown in the 
figure is the effect of Ri on the variation of the vertical 
heat flux. When the thermal field becomes more stable, 
the profile of the nondimensional vertical heat flux 
shifts downward as the case of the Reynolds shear 
stress. 

Figure 5 shows the intensity (,/@/I?, of temperature 
fluctuations. All curves represent predicted profiles by 
the four-equation model and are in reasonably good 
agreements with experimental data. It can be seen in the 
figure that the value(J@)/T, is lower for more unstable 
condition [29]. 

The skin friction and the surface heat flux are 
presented as a function of Ri in Fig. 6. Both models yield 
satisfactory results which are in good agreement with 
the data in both stable and unstable conditions. The 
difference between the results by the two models may be 
within the experimental error. However, the four- 
equation model consistently gives better results, 
especially for higher JR& by more than 5%. 

2.0 0 SUBRRMRNIRN a ANTONIR; 

Rm-3100 a RI--3.0x10-’ 

1.E . RRYA; Re-3.0xl;a RI-B.01 

&Xx,$ 

Ut 
. RRYR; Rs-l.Sxld& R,=0.024 

1.6 

I--c ----- 2 Eqn.model 

“‘t “eo- 4 Eqn.model 

01 I 1 I , 

0 0.2 0.4 
0.6 Y/do.e ‘.Q 

FIG. 3. Distributions of the Reynolds shear stress under stable 
and unstable conditions. ---,- Calculations; 0, A, v 

experiments. 

The subject of evolution of the time scale ratio R has 
recently been discussed by Pope [22]. He mentions that 
the value of R is observed experimentally in the range of 
0.4 < R < 1.7 depending upon the initial conditions 
and that R remains constant as the turbulence decays, 
rather than relaxing to an equilibrium value. Figure 7 

2.2r 
2.0 

t 

0 SUBRRMRNIRN a flNT0~w: 
4 

Rm-3100 a Rt--3.0~10 

l.a . RRYR; Rs-3.0x10’a RI-B.01 

ARYR; Re-1.5x10’& RI-0.024 

----- 2 Eqn.modsl 

- 4 Eqn.modsl 

1.2 - 

1.0 - 

0 0.2 0.4 0.6 0.8 1.0 

Y/d 

FIG. 4. Distributions of the vertical heat flux under stable and 
unstable conditions. - --,p Calculations; 0, A, v 

experiments. 
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3.2 0 PERRY h HOFFMRNN; 

Rm-3000 L Ri--2.5~10~ 

0 SUBRRMRNIAN L RNTONIR; 
2.8 Rm-3100 b RI--3.0~10~ 

2.4 

8.4 

- 4 Eqn.model 

0 

0 

0 
40 100 500 1000 

Y+ 
5000 

FIG. 5. Distributions of r.m.s. temperature under stable and 
unstable conditions. - Calculations; A, 0, 0 experiments. 

shows calculated variations of R across the boundary 
layer under different stratifications. Rough estimation 
of R by BCguier et al. [16] using Fulachier’s data on 
heated flat plates shows similar variation as in Fig. 7, 
but smaller magnitude of about 0.374.6. Since most of 
the model constants in Table 1 were selected under the 
assumption that R = 0.8, initial matching value R, at 
the matching point was taken as 0.8 in our 
computation. It is not yet clear why smaller value R, of 
about 0.5 in accordance with [16] causes oscillation of 
R profile at the downstream finally reaching to 
unreasonably high value of R > 2. An important 
observation from Fig. 7 is that, when the thermal 
stratification of the boundary layer is far from the 

I 1 0 1 I 

-0.10 -0.05 0 0.05 0.1 

Ri 

FIG. 6. Distributions of the friction and heat transfer under 
stable and unstable conditions. 0, 0, A, A Calculations; 

- - -,- experiments. 

R 

/ 

0.6 - -t 
Rm-1500 b Rt--1.2xlQ 

1.0 - 

0.8 - 

0.6 - 
Rm-1500 h RI--9.5x10-* 

1.0 
4 

FIG. 7. Computed variations ofthe time scale ratio R across the 
boundary layer under unstable conditions. 

neutral condition, the variation of R is substantial 
across the boundary layer. 

CONCLUSIONS 

A four-equation turbulence model is presented to 
predict flows with a large buoyancy effect. The main 
merit of the four-equation model is to introduce the 
variable time scale ratio R which depends on .the 
thermal stratification. Assuming that the third-order 
diffusive transport terms in transport equations for @ 
and c0 are predominantly dependent on the buoyancy, 
the buoyancy transport models of Zeman and Lumley 
[20] were adopted in this study. The wall damping 
function, which takes into account the wall proximity 
effect by the pressure fluctuations on the transfer of 
energy among components, is used as a function of 
distance and the local flux Richardson number. 

It is found that when the thermal stratification is not 
far from neutral stability, the four-equation model and 
the two-equation model yield similar results; 
differences are negligible from the engineering point of 
view. However, if the buoyancy effect is strong both in 
positive and negative directions, the four-equation 
model yields more accurate results on the mean 
temperature profile and the surface heat flux. Through 
our computations and survey of the experimental data, 
an important observation has been made; the von 
Karman ‘constants’ in logarithmic representations of 
mean temperature as well as mean velocity profiles are 
not really constant as have usually been thought to be, 
but, rather depend on the relative magnitude between 
Rm and Ri. The effects of buoyancy forces are such that 
increasing instability results in reduction of Reynolds 
shear stress and nondimensional temperature fluctu- 
ations (J@)/T,. Furthermore, nondimensional skin 
friction and surface heat flux, u+JJ, and T,JAT, 
decrease with increasing stability. The time scale ratio 
R is seen to vary widely across the boundary layer due 
to strong buoyancy forces. 
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MODELE DE TURBULENCE A QUATRE EQUATIONS POUR LE CALCUL DE LA 
COUCHE LIMITE TURBULENTE SENSIBLE AUX FORCES D’ARCHIMEDE SUR UNE 

PLAQUE PLANE 

RCsumC&La convection thermique turbulente avec un effet important de force d’Archim2de sur une plaque 
plane horizontale chauffke ou refroidie est numiriquement analysee en resolvant quatre kquations pour la 

variance de la temperature 8*, le taux de destruction E@, l’knergie cinitique turbulente k et le taux de dissipation 
d’Cnergie E. Le facteur temps-Bchelle R des fluctuations de temperature en relation avec les fluctuations de 

vitesse, dbfini par (p/ee)/(2k/e) est trouvt varier fortement g travers la couche limite. Pour des conditions aussi 
bien fortement stables que fortement instables, le modkle 21 quatre iquations fournit des rtsultats meilleurs sur 
leprofildetemptraturemoyenneetsurlefluxdechaleurquelemodtle~deux~quations.Ontrouveaussiquela 
valeur de la constante K, de Von Karman n’est pas une constante universelle mais qu’elle depend de la 

stratification thermique de la couche limite. 



Model for prediction of turbulent boundary layer over flat plate 2395 

TURBULENZ-MODELL MIT VIER GLEICHUNGEN FOR DIE BERECHNUNG DER 
TURBULENTEN GRENZSCHICHT, DIE SICH BE1 DER AUFTRIEBSSTROMUNG AN 

EINER EBENEN PLATTE EINSTELLT 

Zusammenstelhmg-Der Wlrmeiibergang bei turbulenter Konvektion mit erheblichem EinfluD von 
Auftriebseffekten an einer beheizten oder gekiihlten waagerechten ebenen Platte wird numerisch analysiert 
und zwar durch die Liisung von vier Gleichungen fiir die mittlere quadratische Temperaturvarianz 82, das 
Mall seiner Zerstraung Ed, die turbulente kinetische Energie k und das MaB fiir die Dissipation der kin- 
etischen Energie E. Der turbulente Zeit-MaDstab R der Temperaturschwankungen relativ zu den 
Geschwindigkeitsschwankungen, definiert durch (82/s,)/(2k/ E ), variiert sehr stark innerhalb der Grenzschicht. 
Unter sehr stabilen und sehr instabilen Bedingungen liefert das Model1 mit vier Gleichungen bessere 
Ergebnisse fiir dasmittlereTemperaturprofi1 und die W%rmestromdichte an der Oberfllche als das Model1 mit 
zwei Gleichungen. Es ergab sich such, daB die thermische von-Karman-Konstante keine universelle 

Konstante ist, sondern von der thermischen Schichtung der Grenzschicht abhgngt. 

COCTOIIUAR M3 YETbIPEX YPABHEHMZi MOfiEJlb TYP6YJIEHTHOCTM flJl5l 
PAC’4ETA TYPBYJIEHTHOI-0 nOI-PAHMY HOI-O CJIOII C YY ETOM 

nOA%EMHOti CMJIbI HAA IUIOCKOti rUIACTHHOfi 

AHHOTaCn-Typ6yneHTHbl~ KOHBeKTUBHbt, TenJIOnepeHOC npH CyuleCTBeHHOM B!lWIiHRW nOl&eMHOti 

cubI Han HarpeaaeMoR nnn oxnawaehdol ropm0HTanbHoti nnocKol nnac-resofi atiane3spyeTca 
SACJleHHO nyTeM pe"IeHItR YeTbIpeX ypaBHeHH8, OnHCblBaI‘WrtX paCnpeneneHRe CpenHeKBanpaTH'fHbIX 

3Ha9ewi1 nynbcauefi TeMnepaTypbl 0'. LINCCAnaUkiH TeMnepaTypHblX nyJlbGW&ifi &, Typ6yJIeHTHOti 

KAHeTH'leCKOii 3HeprPiH A nAccWnauAI( KHHeTU'ieCKOir 3HeprHA C. HafineHo, ST0 BUIHYWHZI (@/ee)/(2k/@ 
H3MeHReTCR 3HaqATenbHO nOnepeK nOrpaHW4HOrO CJIOll. KaK JVIR OVeHb yCTOii'IW,bIX, TaK W CWIbHO 

HeyCTOfiWBbIX yC,TOBk,fi MOneJIb qeTbIpeX ypaBHeHAii &leT HaMHOrO JIyWIHe pe3yJIbTaTbI &",I CpeJIHHX 

3HaqeHkiii npo&inn reMnepaTyp li Tennoaoro noToKa Ha noBepxHocTki, qeM Monenb ~3 neyx 

ypaBHeHHk HaRneHo Tarme, 'ST0 TUlJlOBal nOCTOIlHHaR KapMaHa x, He IlB,TReTCR yHHBepCanbHOh 

nOCTOnHH0ii.a PBBHCAT OT TeMnepaTypHOti CTpaTH$%lKaL,HH nOrpaHH'IHOr0 C."Oll. 


